In this paper, motivated by a Karapinar's theorem [10, Proposition 6], we first give a simple proof of the Karapinar's theorem. Moreover, we give some generalizations of Karapinar's theorems for MT -functions.
Introduction
In-depth study of fixed point theory is to solve the existence of the equation T x = x (or x ∈ T (x)), where T is a self-map or a non-self-map. However, as we know, the equation T x = x (or x ∈ T (x)) is not necessarily to have a solution. So, we turn to explore the best approximation of the existence of solutions.
In 2003, Kirk-Srinavasan-Veeramani [1] introduced cyclic maps and best proximity points. Many new results on cyclic maps have been obtained in the literature, see e.g. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] .
Definition 1.1. [1] Let A and B be nonempty subsets of a metric space (X, d). A map S: A∪B → A∪B is called a cyclic map if

S(A) ⊂ B and S(B) ⊂ A;
(1.1)
Definition 1.2. [3]
Let A and B be nonempty closed subsets of a complete metric space (X, d). A cyclic map T : A∪B → A∪B is called a cyclic contraction if for some α ∈ (0,1), the condition
holds for all x ∈ A , y ∈ B.
Theorem 1.3. [3]
Let A and B be nonempty closed subsets of a complete metric space X. T : A∪B → A∪B be a cyclic contraction map, x 1 ∈ A and define x n+1 = T x n , n ∈ N. Suppose {x 2n−1 } has a convergent subsequence in
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Preliminaries
Throughout this paper, we denote by N and R the sets of positive integers and real numbers, respectively. Let f be a real-valued function defined on R. In 2012, Karapinar [10] introduced the concept of generalized cyclic contraction.
Definition 2.1. [10]
Let A and B be nonempty closed subsets of a complete metric space (X, d). A cyclic map T : A∪B → A∪B is called generalized cyclic contraction if for some α ∈ (0, 1), the condition
Definition 2.2. [12-22]
It is obvious that if ϕ : [0, ∞) → [0, 1) is a nondecreasing function or a nonincreasing function, then ϕ is an MT -function. So the set of MTfunctions is a rich class. But it is worth to mention that there exist functions which are not MT -functions. 
, otherwise.
Since lim sup
In 2012, Du [15] first proved the following characterizations of MT -functions. 
In this paper, we first introduce the new concept of Karapinar's type MTcyclic contraction. Definition 2.5. Let A and B be nonempty subsets of a metric space (X, d).
holds for all x ∈ A and y ∈ B.
Main results
First, we give a new simple proof of [10, Proposition 6]. 
Proof. For each n ∈ N ∪{0}, since T is a generalized cyclic contraction map, we have
which is equivalent to
and hence
By (3.1), we have
B). By (3.2), we get
The proof is completed.
2
With motivation and proven experience in Theorem 3.1, we try to generalize and improve Theorem 3.1 for MT -functions.
Theorem 3.2 Let A and B be nonempty subsets of a metric space (X, d).
Suppose T : A∪B → A∪B is a Karapinar's type MT -cyclic contraction, then there exists a sequence {x n }, such that
Proof. Since T is a Karapinar's type MT -cyclic contraction, there exists an
holds for all x ∈ A, y ∈ B. Let x 0 ∈ A be given. Define x n+1 =T x n for all n ∈ N. Then x 2n ∈ A and x 2n+1 ∈ B for all n ∈ N ∪ {0}. Then we have
and hence,
Similarly, we have
which deduces,
By induction, we obtain
which implies
for all n ∈ N. So, the sequence {d(x n , x n+1 )} is a strictly decreasing sequence in [0, ∞). Since ϕ is an MT -function, by Theorem 2.4, we obtain
for each n ∈ N. By (3.4), we get
.
Then γ ∈ [0, 1). For each n ∈ N, by (3.1) again, we have
Since γ ∈ [0, 1), we have
By (3.5) and (3.6), we get
The proof is completed. Proof. By our hypothesis, we know that T is a Karapinar's type MT -cyclic contraction. Hence we can apply Theorem 3.2 to get the conclusion of this result. 2
Similarly, we have the following result. 
